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Chapter 1

Pointwise energy conditions

In this section we review the main pointwise energy conditions used within the context
of general relativity.

Energy conditions are additional, coordinate-independent restrictions placed on the ten-
sors appearing in general relativity. Energy conditions are additional, coordinate-independent
restrictions placed on the tensors appearing in general relativity. One may begin with
an arbitrary metric, calculate the corresponding Einstein tensor G ) and then define the
stress—energy tensor by

1
v = gGP«V’ (].].)

thereby obtaining a formal solution to Einstein’s field equations. However, the resulting
stress—energy tensor may have highly exotic or physically unreasonable properties. The
purpose of the energy conditions is therefore to restrict the wide range of stress—energy
tensors and spacetime geometries that are mathematically compatible with Einstein’s
equations by expressing assumptions about what constitutes physically reasonable matter
and energy.

Pointwise energy conditions impose such restrictions separately at every spacetime point.
They require a specified contraction of a rank-two tensor with causal vectors to be non-
negative. The different conditions are distinguished by the tensor combination involved
and by whether the vectors are timelike or null.

Each condition may be presented in three equivalent formulations. The physical for-
mulation is written in terms of the stress—energy tensor

G, =8rl, (1.2)



then provide a bridge to the geometric formulation, in which the same restriction
is expressed using the Einstein tensor G v OF the Ricci tensor R, Finally, when the
stress—energy tensor is of Hawking—Ellis Type I form[[I], p. 89],

T = diag (p, py, Pys Ps) (1.3)

(where T™ are the components of the stress—energy tensor with respect to that orthonor-
mal basis) the condition can be written in an effective formulation as inequalities in-
volving the energy density p and the principal pressures p,. This form makes the physical
meaning of the tensor inequalities easier to interpret.

The four main classical pointwise energy conditions are the Weak, Strong, Dominant
and Null Energy Conditions. The following sections state each condition in its physi-
cal, geometric and effective formulations and discuss its interpretation.

The Weak Energy Condition (WEC)

To an observer whose world-line at p has unit tangent vector t#, the local energy density
ppears to be th“t”. The Weak Energy Condition may be stated in its physical, geometric
and effective forms as follows:

Weak Energy Condition (WEC)
physical T, >0 for all timelike future-pointing vector t*
geometric G Wt =0 for all timelike future-pointing vector t*

effective  p>0and p+p, >0 i=(1,2,3)

In this case, the effective formulation provides a straightforward interpretation of the
physical form. It tells us that an observer travelling on a timelike curve always measures
the energy density from all the matter fields in the universe to be non-negative. Also,
there is no restriction on the sign of the pressure but, if negative, its magnitude cannot be
bigger than that of the energy density. It is, however, much more challenging to find an
interpretation of the geometric form. This is because there is no intuitive understanding
of the Einstein tensor in geometric terms. Unlike the Riemann tensor, which is easily
associated with geodesic deviation, there is no similar interpretation that captures the
geometric significance of G .

By continuity the condition 7T’ Wt =0 will then also be true for any null vector.
The Strong Energy Condition (SEC)

The Strong Energy Condition may be stated in its physical, geometric and effective forms
as follows:



Strong Energy Condition (SEC)

1
physical <TW — §Tgw> tht >0 for all timelike future-pointing vector t*
geometric Rt >0 for all timelike future-pointing vector t*

3
effective p+pi20andp+2pi20 i=(1,2,3)

i=1

Here, the effective formulation tells us that in case of having negative pressures, the energy
density has to be larger than the magnitude of the momentum flux in each of the three
spacelike directions. It also tells us that the sum of the pressures in the three directions
cannot negatively dominate the energy density at one specific spacetime point.

Choosing the observer’s rest frame reduces the physical formulation of the SEC to

1

Tyo— 57 2 0. (1.4)

00

This quantity is conventionally called the effective energy density, or historically the
effective density of gravitational mass. This terminology labels the relevant contraction
but does not, by itself, provide a particularly illuminating physical interpretation of it.

To obtain the geometric form from the physical one, we have taken EFEs and multiplied
both sides by the metric, thus finding the expression —R = 877". Then, one can rewrite
EFEs as

1
RMV =87 (TNV — §gl,LVT> s (15)

and we use this to bridge the physical and geometric formulations of the SEC.

The geometric form of the Strong Energy Condition is
R, "t >0 (1.6)

for every timelike future-directed vector t#. Its interpretation may be obtained from the
equation of geodesic deviation, which has already been derived and interpreted in the
main text. Recall that, for an affinely parametrised timelike geodesic v(7) with tangent
vector t*,

D
dr? -’

R, €7 = 1"V (1'V, £7) = (1.7)



Here, £ is a connecting vector from 7 to an infinitesimally nearby geodesic in the same
congruence. It is taken to satisfy

=0,  LEr=0, (1.8)

at the point under consideration. Since t* is timelike and &* is orthogonal to it, £ is
spacelike. As explained previously, the right-hand side of the geodesic-deviation equation
represents the relative acceleration of the two neighbouring geodesics.

Taking the radial component and averaging over the three spatial directions gives the
average radial acceleration (see Appendix A)

A= _%grtuvu (V7). (1.9)

Using the geodesic-deviation equation, this may be written as

A ——tp gy (1.10)

r 37w

Because A is a scalar, it gives a coordinate-independent measure of the average relative
radial acceleration of neighbouring timelike geodesics. If the SEC holds, then

R, t"t" >0, (1.11)
and therefore

A <. (1.12)

T

Thus, neighbouring timelike geodesics do not accelerate apart on average. The geomet-
ric interpretation of the SEC is consequently that congruences of timelike geodesics are
focused: they converge, or at least do not diverge.

The Dominant Energy Condition (DEC)

The Dominant Energy Condition may be stated in its physical, geometric and effective
forms as follows:

Dominant Energy Condition (DEC)
physical th“ﬁ” >0 for all co-oriented timelike future-pointing vectors t* and &
geometric G Wt =0 for all co-oriented timelike future-pointing vectors t* and &*

effective p>0and|p,|<p i=(1,2,3)



Co-oriented means having the same time orientation: the vectors are either both future-
directed or both past-directed. The DEC may also be formulated using a single future-
directed timelike vector t#. For every such t#, one requires

T, " >0 (1.13)

and that the energy-momentum flux vector

—T* 1 (1.14)

be future-directed and non-spacelike. The first condition is the WEC, while the second
ensures that the energy-momentum flux measured by any timelike observer does not
propagate faster than light.

Let
JH = =T t¥

be the energy—momentum flux associated with a future-directed timelike vector t#. Since
T, is symmetric,
pev ©
T, =—J "

For the signature (— 4+ ++4), a vector J* is future-directed and causal if and only if
m
J,M <0
for every future-directed timelike vector £#. Therefore,
eV
T, >0
for all future-directed timelike vectors t* and &* is equivalent to requiring that
—T* 1
be future-directed and causal for every future-directed timelike vector t#.

Taking &* = t# gives
Tt >0,

which is the WEC. Conversely, the WEC fixes the future orientation of the flux vector,
while the requirement that it be non-spacelike ensures that the energy-momentum flux
is causal.

The physical and effective formulations imply that a timelike observer measures the energy
density to be non-negative and the momentum flux to be causal and with the same
orientation as the proper time of the observer. One can then think of the DEC as ruling out
superluminal travel of any source of the stress-energy tensor. The geometric formulation
suffers from the same difficulties as the WEC and therefore lacks a plain interpretation.



The Null Energy Condition (NEC)

The Null Energy Condition may be stated in its physical, geometric and effective forms
as follows:

Null Energy Condition (NEC)
physical T, k'kE” >0 for all null vectors k"
geometric ka‘”k‘” >0 for all null vectors k*

effective  p+p, >0 i=(1,2,3)

The first point to notice is that, for the NEC, Einstein’s field equations relate the con-
traction of the stress—energy tensor directly to the corresponding contraction of the Ricci
tensor. Since a null vector k* satisfies

9, k'K =0,

we have

1
87T, 'k = (RW - 5RgW) Kk = R, K"k

It follows that
ka“k” >0 <= ka“k:” > 0.

For a Hawking—Ellis Type I stress—energy tensor, the effective formulation of the NEC is

p+p, =0, 1=1,2,3.

Unlike the WEC, the NEC does not have a direct interpretation as the energy density
measured by a physical observer, since no observer can have a null four-velocity. Never-
theless, null directions are physically significant because they describe the propagation of
light and other massless fields.

Its geometric interpretation is obtained in a manner analogous to that of the SEC, but
now using a congruence of affinely parametrised null geodesics with tangent vector k*. As
explained in the appendix, the relative acceleration of neighbouring geodesics is governed
by the null equation of geodesic deviation. The physically relevant connecting vectors are
taken in the two-dimensional screen space transverse to the null direction.

Averaging the transverse relative acceleration over the two independent screen-space di-
rections gives

1 v
A= =R, KH.

Therefore, if the NEC holds, then
R, E'E >0,

9



and hence
A <0.

T

Thus, the NEC implies that null geodesic congruences focus, or at least do not defocus.

10



Appendix A

Equation of geodesic deviation

A.1 Derivation of the equation of geodesic deviation
for time-like case

Let v be a timelike geodesic belonging to a congruence of neighbouring timelike geodesics,
and let t* be the tangent vector field to the geodesics of the congruence.

Write
at = at (T, v), (A1)
where 7 is proper time along the geodesics and v parametrises a curve connecting neigh-

bouring geodesics. Define
_ Oxt

and b
Xz

Thus, t* is tangent to each timelike geodesic in the congruence, while n* is a connecting
vector between neighbouring geodesics.

The commutator of t#* and n* satisfies

[t = t"On' —n’o t"
_ Ox” 0 (0! ox¥ 0 (Ox"
- 876x”<8u>_8yax”(87)
Ozt oxt
T 9rov OvoT
= 0. (A.4)

since partial derivatives commute.

11



Because the Levi-Civita connection is torsion-free, partial derivatives may be replaced by
covariant derivatives in the Lie bracket:

0 = Ln"
= t"ont —n"o t*
= t0,(n" + Ty n") —n" (9" + I, t*)
= 'V, ' ="V . (A.5)

Here we have used
r“ =T*

vp pv’

Using the directional-derivative notation V. := X*V  equation (A.5) becomes

V't =V, " (A.6)
Applying V, to both sides gives
V.Vt =V, V" (A.7)
Now consider the curvature identity
Vi (VyZH) =V (Vi ZF) — Vixy 2" =R, 2" X"Y". (A.8)

Setting X# = ZF = t#, and Y* = n*, the second term vanishes because t* is tangent to
an affinely parametrised geodesic:

V' =1V t" = 0. (A.9)

The third term, [t,n]"V t*, also vanishes by equation (A.4). Hence equation (A.8) be-
comes

V, V" — Rt 1177 = 0. (A.10)

Substituting equation (A.7]), we obtain

V.Vt — R“Vpat”tpn" =0. (A.11)
By definition
D?pH
gz T Vvl

the equation of geodesic deviation is therefore

Dt v o
T = RE, UN°. (A.12)

12
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Figure A.1: £* is the orthogonal connecting vector.

We are interested only in the spatial part of the connecting vector and in the corresponding
geodesic-deviation equation. We therefore define the orthogonal connecting vector £ by

= nn", (A.13)
where
¥ =0t +t't, (A.14)

is the projection tensor onto the three-dimensional rest space orthogonal to t*. It follows
that
b
t,&"=0. (A.15)

Since
nt =& —t't n”, (A.16)
we have

Dnt
dr

= "V "
= 'V, (&8 — t't ")
— Ve - (tpvpt“) t -t <tprtV> W —tht <tprn”>
= 1"V ¢
D¢gr
= —. A7
dr ( )
Here we have used the geodesic equation tprt“ = 0, together with V,n# = Vnt“ and
t V tr=0.
vVp
Furthermore,
v o __ v o o A
Rt P07 = R, 10 (67 —t7t,n")
R, 77, (A.18)
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because R, is antisymmetric in its final two indices.

Consequently, the orthogonal connecting vector satisfies

D¢r
df? =R, e, (A.19)

This has the same form as equation (A.12)), but £* now denotes the spatial connecting
vector orthogonal to t*.

We now show that the orthogonal connecting vector &* is Lie transported along the
timelike geodesics. Recall that

f“ — h“y/’f’l/ — /r’u‘ + tu‘tuny7
where

[t,n]" = Ln" =0.

Therefore,

L = [t ¢
= [t,n+(t,n")t"
= [t,n]" + ¢, (t,n") 1"
= ¥V, (t ") " (A.20)

The scalar ¢ 1" is constant along each geodesic, since

UV, () = (EV,8,) 0+ 9
= 1,V
_ 1 p v
= 0. (A.21)
Here we have used the geodesic equation
V.t =0,
the relation
vt =V, i,
and the normalization
tut“ =—1.
It follows from equation (|A.20]) that
L& =t ¢ =0. (A.22)

Thus, the orthogonal connecting vector £ is Lie transported along the timelike geodesic
congruence.
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A.2 Derivation of the equation of geodesic deviation
for null case

15



Appendix B

Average Radial Acceleration

B.1 Average Radial Acceleration

We have already introduced the equation of geodesic deviation and the associated de-
scription of the relative acceleration of neighbouring geodesics in the main text. Here
we use those ideas to define the average radial acceleration of a causal geodesic. Let u#
be a future-directed causal vector field whose integral curves v are affinely parametrised
geodesics. If v is timelike, we assume that u* is a unit vector field. Let £* be a vector
field along v such that, at one point,

and
L& =0.

If u* is null, then £* may be proportional to u#; otherwise, £* must be spacelike. It follows
that {Yu, = 0 at every point of 7. As discussed in the Appendix A, {# may be regarded
as a connecting vector field joining v to a neighbouring, infinitesimally separated integral
curve of u*, while

uV (WY 4E")

represents the acceleration of that neighbouring geodesic relative to v. By the equation
of geodesic deviation,
uV, (uPV €)= R 5 uE .

Now fix an orthonormal triad of connecting vector fields

{gf}ie{1,2,3}

along 7. The magnitude of the radial component of the relative acceleration in the ith
direction is

—&i uV,, (uﬂvﬁéf) )

16



At a fixed point p € v, the average radial acceleration A_of + is therefore defined by
1 (0%
A==y Zgw uV, (uV 4¢l),

where k = 3 when u" is timelike and & = 2 when it is null. It is straightforward to verify
that A_is independent of the choice of orthonormal triad. It therefore defines an intrinsic
geometrical quantity associated with the tangent vector u*.

A straightforward calculation, presented in the next section using the equation of geodesic
deviation, shows that

A = —lR utu. (B.1)

T ko

Thus, the contraction of the Ricci tensor with the tangent vector determines the average
radial acceleration of neighbouring geodesics relative to 7.

If the Einstein field equation,

1
Ry, — 5R9,, = 57T,
is assumed, equation becomes
8 1 y
A = - (T;w — §T9W> utu”. (B.2)

For a null tangent vector, g, W’ =0 and k = 2, so this reduces to
_ W, v
A, = —4nT u'u”. (B.3)

T

B.2 Detalils

B.2.1 Expressing inverse metric in terms of frame fields

Say we start with four lineraly independent vector fields e, # where I labels the vectors.

Assume that g, is singular. Then there exists a nonzero set of components V* such that
9; JV‘] =0.

Using

915 = g,uuelueJV’
we obtain

gWeI”eJ”VJ =0

17



for every I. Define the spacetime vector

WY =e J”VJ.
Then
gWeI“W” =0
for every I. Now define the covector
w, = gWW .
The preceding equation becomes
e Iwa, =0

for every I. Since the vectors e,* are linearly independent, we have

w, = 0.
Therefore,
9,W"=0.
Since g, is non-singular, it follows that
WY =0.
But
WY = GJVVJ,
SO
e,”V’' =0.

Since the vectors e ;" are linearly independent, this implies
V7=,

contradicting the assumption that V7 is nonzero. Therefore the kernel of gy is trivial,
and hence g, is invertible.

Since g, is invertible, its inverse g’/ exists. We may therefore define

I . IJ v
e, =9"g,¢e; -

Then ; K
T v, u
e e =9"g,exe;
K
=9 9k
Y
=0 .

Thus e’ ., 18 a left inverse of the matrix (e;").

Moreover, the vectors e,* are linearly independent, so the columns of the square matrix
(e;") are linearly independent. Hence

det(elu) 7é 07

18



and therefore (e;*) is invertible. A square matrix has a unique inverse, so the left inverse
el . 18 also the right inverse. Consequently,

JT9 B V)
ef'e’ = o" .

Finally, using this together with

I _ IJ P
€,=9 gl/peJ7

we find :
ok
o =e,le’

— , pn lJ p

=19 9,6

— (AT, v, P

= (9 €r ¢y )gpu‘
Thus g'’e, e ;7 is the inverse of g - Since the inverse metric is unique, it follows that

w _ IJ_p v
g =g € €e;.

If we take the tetrad to consist of one unit timelike vector u* and three orthonormal
spacelike vectors &/ the orthonormality relations lead to

gp; =1, = diag (=1,1,1,1),

where the frame metric is the Minkowski metric 7, ;. We then have,

3
g = —utut + ) e (B.4)
i=1

We now take e * = u# and e #* = n* where

By — by,
uuunnHO

together with the normalisation condition

Boy  —
uf'n, 1.

Then, if we take e,” = & and e, = & to be orthonormal spacelike vectors satisfying
efu, =etn, =0 for ¢+ = 2, 3, the orthonormailty relations lead to the frame metric

19



0 -1 00
=1 0 00
=10 0 10
0 0 01
We then have,
3
g = —ufn” — nfu” + Z grey. (B.5)
=2

B.2.2 Proving euqtion (B.1)

Substituting the equation of geodesic deviation into the definition of A_ gives
1 o P "
A = -7 Zfzuu v, (u Vﬁ€i>
- -7 giuRuaVﬁuaglyuﬁ

= ——Rmyﬁuo‘uﬁ Zf’f‘ v (B.6)

First suppose that u* is timelike. Since u* is unit timelike and the three ¢! form an
orthonormal basis of the subspace orthogonal to u*, the inverse metric decomposes as

3
g = —utut + ) e
=1

Hence

3
Soeer = g
i=1

It follows that

Nalfﬂu “u” Z SMSV - uauﬁuauﬁ (gwj + uuulf)

= g“”Rmyﬁuo‘uﬁ + Rmyﬁu”uo‘u”uﬁ. (B.7)

The second term vanishes because R is antisymmetric in 4 and «, whereas v u® is

symmetric. Using

navp

9 R s = Rop:

20



we therefore obtain

uaVﬂ u’ Z 5u5u - aﬁu u’

Now suppose that u* is null. Choose a second null vector n* such that
[T Py — _
ntn, = 0, un, = 1,

and choose two unit spacelike connecting vectors A\{' and Ay orthogonal to both u* and
n*. The inverse metric then decomposes as

3

uyo UV Wy vV W v

g’ = —u'n” — nfu +§ §&,
i=2

so that
3

DL =gttt
1=2

Consequently,

lwéVﬁ B Z gﬂg ual/ﬁ 6 (guv + uunv + n#uy)
= R, gu” u®. (B.8)

Indeed, the term containing u*n” vanishes by antisymmetry in 4 and «, and the term
containing n*u” vanishes by antisymmetry in v and £.

Thus, in both the timelike and null cases,
R g™’ Z &&=
Substitution into therefore yields
A = _ER’“’UM (B.9)

where k& = 3 for a timelike geodesic and k£ = 2 for a null geodesic.
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